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I present high-order calculations for single-top production in the Stan-
dard Model and in models with anomalous top-quark couplings. Theoret-
ical results are presented for total cross sections and top-quark transverse
momentum and rapidity distributions for the t and s single-top channels
as well as for the associated production of a top quark with a W bo-
son in the Standard Model. Corrections from soft-gluon emission though
NNNLO are included. I also show results for the associated production of
a top quark with a Z boson in processes involving anomalous top-quark
couplings.
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1 Higher-order soft-gluon corrections
It has been well known for some time that higher-order QCD corrections are significant
in top-quark production processes. Fixed-order results for single-top production are
known at NLO [1, 2] and some at NNLO [3, 4, 5, 6].
For single-top [7, 8, 9] (as well as top-antitop [9, 10]) processes at Tevatron and
LHC energies, it is also well-known that soft-gluon corrections are important, and
that they approximate exact results very well to the order in which the latter are
known. Further higher-order soft-gluon corrections provide an additional theoretical
improvement. Here I provide results with soft-gluon corrections for t-channel and
s-channel single-top production, and tW production [7, 8, 9]. I also present results
for tZ production via anomalous top-quark couplings [11].
For partonic processes of the form
f1(p1) + f2 (p2)→ t(pt) + X (1)
we define s = (p1 + p2)
2, t = (p1 − pt)2, u = (p2 − pt)2 and s4 = s + t + u −∑m2.
At partonic threshold s4 → 0. Soft-gluon corrections appear in the perturbative
corrections as plus distributions involving logarithms of s4, i.e. [ln
k(s4/m
2
t )/s4]+.
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Figure 1: Lowest-order diagrams for single-top t-channel (left), s-channel (second
from left), and tW (right two diagrams) production.
We resum these soft-gluon corrections for the double-differential cross section at
NNLL accuracy, which requires the calculation of two-loop soft anomalous dimensions
[7, 12, 13]. Taking moments of the partonic cross section with moment variable N ,
σˆ(N) =
∫
(ds4/s) e
−Ns4/sσˆ(s4), we write a factorized expression for the cross section
σf1f2→tX(N, ǫ) = Hf1f2→tXIL (αs(µR)) S
f1f2→tX
LI
(
mt
NµF
, αs(µR)
)
×
∏
Jin (N, µF , ǫ)
∏
Jout (N, µF , ǫ) (2)
where Hf1f2→tXIL is a hard-scattering function and S
f1f2→tX
LI is a soft-gluon function.
The evolution of the soft function, which gives the exponentiation of logarithms
of N , follows from the renormalization group equation(
µ
∂
∂µ
+ β(gs)
∂
∂gs
)
SLI = −(Γ†S)LKSKI − SLK(ΓS)KI (3)
1
where ΓS is the (process-dependent) soft anomalous dimension. The resummed cross
section may be written as a product of exponentials, involving universal terms de-
scribing collinear and soft-gluon emission from incoming and outgoing partons, as
well as process-specific terms that describe noncollinear soft-gluon emission and that
depend explicitly on the process and its color structure.
We use the resummed cross section as a generator of finite-order expansions, and
we provide approximate NNLO (aNNLO) and approximate N3LO (aN3LO) predic-
tions for cross sections and differential distributions.
2 t-channel production
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Figure 2: Single-top aNNLO t-channel cross sections compared with CMS and ATLAS
data at 7 TeV [15, 16], 8 TeV [17, 18], and 13 TeV [19, 20], and (inset) with CDF
and D0 combination data at 1.96 TeV [21].
We begin with single-top production in the t-channel. The leading-order diagram
is shown in Fig. 1.
The soft anomalous dimension for this process is a 2 × 2 matrix whose elements
in a t-channel singlet-octet color basis at one loop in Feynman gauge are
Γ
t (1)
S 11 = CF
[
ln
(
t(t−m2t )
mts3/2
)
− 1
2
]
,
2
Γ
t (1)
S 12 =
CF
2N
ln
(
u(u−m2t )
s(s−m2t )
)
, Γ
t (1)
S 21 = ln
(
u(u−m2t )
s(s−m2t )
)
,
Γ
t (1)
S 22 = CF ln
(
s−m2t
mt
√
s
)
− 1
2N
ln
(
t(t−m2t )
s(s−m2t )
)
+
(N2 − 2)
2N
ln
(
u(u−m2t )
s(s−m2t )
)
− CF
2
.
(4)
At two loops, we only need the first matrix element:
Γ
t (2)
S 11 =
[
CA
(
67
36
− ζ2
2
)
− 5
18
nf
]
Γ
t (1)
S 11 + CFCA
(1− ζ3)
4
. (5)
We next provide numerical results for t-channel production at aNNLO. We use
MMHT 2014 pdf [14]. Figure 2 shows the theoretical aNNLO t-channel production
cross sections for single top, single antitop, and their sum, compared with data from
the LHC and the Tevatron. Excellent agreement is observed between theory and data
in all cases.
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Figure 3: The aNNLO top-quark normalized pT distributions in t-channel production
at 8 TeV compared to (left) ATLAS [18] and (right) CMS [22] data.
The aNNLO top-quark normalized pT distributions in t-channel production at 8
TeV energy are shown in Fig. 3 and compared with LHC data; we again note the
very good description of the data by the theory curves.
3 s-channel production
We continue with single-top production in the s-channel. The leading-order diagram
is shown in Fig. 1.
3
6 7 8 9 10 11 12 13 14
S1/2 (TeV)
1
10
σ
 (p
b)
s-ch. total
s-ch. top
s-ch. antitop
ATLAS
CMS
Single-top s-channel aNNLO cross sections    mt=172.5 GeV
1.94 1.96 1.98 2
1
1.5 CDF&D0
Figure 4: Single-top aNNLO s-channel cross sections compared to ATLAS and CMS
data at 7 TeV [23, 24] and 8 TeV [24, 25], and (inset) to CDF and D0 combination
data [26] at 1.96 TeV.
The soft anomalous dimension for this process is a 2 × 2 matrix whose elements
in an s-channel singlet-octet color basis at one loop in Feynman gauge are
Γ
s (1)
S 11 = CF
[
ln
(
s−m2t
mt
√
s
)
− 1
2
]
,
Γ
s (1)
S 12 =
CF
2N
ln
(
u(u−m2t )
t(t−m2t )
)
, Γ
s (1)
S 21 = ln
(
u(u−m2t )
t(t−m2t )
)
,
Γ
s (1)
S 22 = CF ln
(
s−m2t
mt
√
s
)
− 1
N
ln
(
u(u−m2t )
t(t−m2t )
)
+
N
2
ln
(
u(u−m2t )
s(s−m2t )
)
− CF
2
. (6)
At two loops, we only need the first matrix element:
Γ
s (2)
S 11 =
[
CA
(
67
36
− ζ2
2
)
− 5
18
nf
]
Γ
s (1)
S 11 + CFCA
(1− ζ3)
4
. (7)
Figure 4 shows the theoretical aNNLO s-channel production cross sections, using
MMHT 2014 pdf [14], for single top, single antitop, and their sum, compared with
available data from the LHC and the Tevatron.
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4 Associated tW production
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Figure 5: Single-top aN3LO cross sections for tW production compared to ATLAS
and CMS data at 7 TeV [28, 29], 8 TeV [30], and 13 TeV [31, 32].
We continue with single-top production in association with a W boson. The
leading-order diagrams for tW production are shown in Fig. 1.
The soft anomalous dimension for this process at one loop in Feynman gauge is
Γ
tW− (1)
S = CF
[
ln
(
m2t − t
mt
√
s
)
− 1
2
]
+
CA
2
ln
(
m2t − u
m2t − t
)
. (8)
At two loops, we have
Γ
tW− (2)
S =
[
CA
(
67
36
− ζ2
2
)
− 5
18
nf
]
Γ
tW− (1)
S + CFCA
(1− ζ3)
4
. (9)
Figure 5 shows the theoretical aN3LO results for the sum of the tW− and tW+
cross sections, using MMHT 2014 pdf [14], compared with data from the LHC. Excel-
lent agreement is found between theory and data for all LHC energies. The soft-gluon
corrections are large; we note that large corrections are also found in related W and
Z production processes at high pT [27].
Figure 6 shows the aN3LO top-quark pT and rapidity distributions in tW produc-
tion. As the inset plot on the right shows, the aN3LO corrections are significant and
increase at higher rapidities.
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Figure 6: Top-quark aN3LO differential distributions in (left) pT and (right) rapidity
in tW− production.
5 tZ production via anomalous couplings
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Figure 7: Lowest-order diagrams fot tZ production via anomalous couplings.
In addition to Standard Model processes for top production, top quarks may also
be produced via anomalous top-quark couplings [11, 33]. Here we study tZ production
via such couplings [11]. A Lagrangian for such processes is given by
∆Leff = 1
Λ
κtqZ e t (i/2)(γµγν − γνγµ) q F µνZ + h.c. (10)
Figure 7 shows the leading-order diagrams for the process gu → tZ; the similar
process gc→ tZ also contributes.
The NLO corrections to these processes were calculated in Ref. [34], and we find
that they are dominated by soft gluons. In our numerical results below we use CT14
[35] pdf.
In Fig. 8 we show aNNLO results for tZ production. The left plot shows total cross
sections at LHC energies for gu→ tZ while the right plot shows the top-quark rapidity
distributions for gc → tZ. The insets in both plots show the aNNLO/NLO ratios,
which demonstrate that the higher-order soft-gluon corrections are large, especially
at large rapidities.
6
165 170 175 180
mt (GeV)
0
50
100
150
200
250
300
σ
  (f
b) 14 TeV13 TeV
  8 TeV
  7 TeV
g u -> t Z     at  LHC     aNNLO     ktuZ=0.01
165 170 175 180
1.05
1.1
1.15
K-factors  aNNLO/NLO
0 0.5 1 1.5 2 2.5 3
Top |Y|
0
5
10
15
dσ
/d
|Y|
 (fb
)
14 TeV
13 TeV
  8 TeV
  7 TeV
g c -> t Z     at  LHC     aNNLO     ktcZ=0.01
0 0.5 1 1.5 2 2.5 3
1
1.2
1.4
K-factors   aNNLO/NLO
Figure 8: (Left) Total cross sections at aNNLO [11] for tZ production via gu→ tZ;
(Right) Top-quark rapidity distributions at aNNLO for tZ production via gc→ tZ.
These theoretical results may be useful in setting limits on the couplings, which
is an area of active study by the LHC experiments [36, 37].
6 Summary
I have presented cross sections and differential distributions for single-top production.
Results with soft-gluon corrections at aNNLO for t-channel and s-channel production,
and at aN3LO for tW production, have been presented for total cross sections and
top-quark pT and rapidity distributions. The soft-gluon corrections are significant
and we find excellent agreement of the theory with LHC and Tevatron data.
I have also presented aNNLO results for tZ production via anomalous top-quark
couplings. Soft-gluon corrections are also very significant for this process.
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